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Abstract
The linear representation of the mapping class group of a closed orientable surface of genus 2
defined by V. Jones is examined. It arises from the Iwahori–Hecke algebra representations of Artin’s
braid group of 6 strings. Under a certain nontrivial specialization, the image of the Torelli group is
explicitly computed. As an application, the relation with the Rochlin invariant of homology 3-spheres
is discussed.
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Introduction
In his paper [6], V. Jones constructed, among other things, a linear representation of
M2, the mapping class group of a closed orientable surface of genus 2. This representation
takes its values in 5 by 5 matrices over integral Laurent polynomials Z[t, t−1]. We call this
the Jones representation of genus 2 and denote it by ρ. It was derived from the Iwahori–
Hecke algebra representation of Artin’s braid group corresponding to the 3×2 rectangular
Young diagram, in assistance with the presentation of M2 due to Birman and Hilden [3].
Jones described ρ explicitly by computing the images of generators of M2, and used
the computation to show that ρ is not trivial on the Torelli group. Since the initial work
by Jones, no systematic study of ρ seems to have appeared in the literature, while the
faithfulness of ρ was referred to as a fundamental problem by Birman [1].
The purpose of this paper is to obtain a very rough description of the image of the
Torelli group under ρ by considering its specialization at t = i , the fourth root of unity.
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More precisely, we determine explicitly, under the specialization, the image of the Torelli
group as well as its lower central series. Our method is the direct computation based on
Jones’ explicit description of ρ mentioned above, using a single normal generator of the
Torelli group due to Powell [10].
As an application we also discuss the relation with the Rochlin invariant of homology
3-spheres. This is done by first relating the image of the Torelli group under the specialized
representation with τ3, one of the higher Johnson homomorphisms [5,7,9], and then
recalling Johnson’s observation on the relation between τ3 and the Rochlin invariant [5].
Our motivation for considering the relation between ρ and the Rochlin invariant can go
back to the speculation by Jones [6]. While Jones’ construction, in the case of higher
genus, obtains only linear representations of a certain proper subgroup of the mapping class
group, he referred to the possibility of extending them to obtain a family of representations
of the whole mapping class group, and then deriving from it an invariant of 3-manifolds
via Heegaard splitting.
The organization of this paper is as follows. In Section 1, we recall the definition of
the Jones representation ρ. In Section 2, we give the precise statement of our main results
together with their proofs. In Section 3, a relation with the third Johnson homomorphism is
derived. We apply this result in Section 4 to discuss the relation with the Rochlin invariant.
Finally in Section 5, concluding remarks are provided.
1. The definition of ρ
We first fix some notation. Let Σg be a closed orientable surface of genus g, and let
Mg be its mapping class group. Namely, Mg is the group of the isotopy classes of the
orientation preserving diffeomorphisms of Σg . The Torelli group of genus g, denoted by
Ig , is defined as the kernel of the classical symplectic representation Mg → Sp(2g,Z)
which is induced by the action on the first integral homology H =H1(Σg;Z) of Σg . Here,
Sp(2g,Z) denotes the Siegel modular group of genus g. Hereafter, we assume that g = 2.
For i = 1, 2, . . . , 5, let ζi denote the Dehn twist along the simple closed curve Ci on Σ2
depicted in Fig. 1. According to the presentation ofM2 due to Birman and Hilden [3],M2
is generated by these ζi ’s. In this paper, however, we use another set of generators of M2
Fig. 1.
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which is more convenient for our purpose. Let us take an element ξ = ζ1ζ2 · · · ζ5 ∈M2,
which is a periodic automorphism of order 6. It is easy to see that ζi+1 = ξζiξ−1 for
i = 1,2, . . . ,4. Thus we can choose ζ1 and ξ to be generators of M2. Now, due to the





−1/t2 0 0 0 t3
0 −1/t2 1/t2 0 0
0 0 t3 0 0
0 0 1/t2 −1/t2 0







0 0 1 0 0
0 0 0 0 1
1 0 0 0 0
0 1 0 0 0




Here our parameter t corresponds to the formal power q1/5 in [6]. One can easily check
that this actually defines a representation of M2 by verifying the defining relation of M2
in [3].
Remark 1.1. As for the faithfulness of ρ mentioned in Introduction, one can see that the
hyperelliptic involution lies in the kernel of ρ. This follows directly from the construction.
(It can also be checked directly by a computation using the word representing the
involution: ζ1ζ2 · · · ζ5ζ5ζ4 · · · ζ1.) However, the faithfulness of ρ restricted to I2 still seems
to be an open problem. Clearly, the affirmative solution to the latter problem implies that
the Jones representation ρ, together with the symplectic representation, gives a faithful
linear representation of M2.
2. The image of the Torelli group I2
We denote the specialization of ρ at t = i by ρi :M2 →GL(5,Z[i]). Our main result is:
Theorem 2.1. (1) There exists a surjective homomorphism p :ρi(I2) → Z2, such that
p ◦ ρi(f ψf−1) = p ◦ ρi(ψ) for every f ∈M2 and ψ ∈ I2. Here Z2 denotes the cyclic
group of order 2.
(2) The kernel of p, denoted by A ⊂ ρi(I2), is a free abelian group of rank 8.
Furthermore, the following exact sequence splits:
0→A→ ρi(I2) p→Z2 → 0. (2.1)
Therefore, ρi(I2) is isomorphic to the semi direct product A  Z2. Writing the
multiplication in A additively, the associated Z2-action on A is given by u · v =−v for the
generator u ∈ Z2 and v ∈A.
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Before proving Theorem 2.1, we determine the image of the lower central series of I2
under ρi , as a corollary. For any group G, let {Γk(G)}k0 denote the lower central series
of G. We adopt the convention starting with Γ0(G)=G, rather than Γ1(G)=G. We write
the multiplication in A= kerp additively as in Theorem 2.1, and considerA as a Z-module
in the obvious way.





where 2k ·A= {2k · v; v ∈A}.
Proof. By Theorem 2.1, we may consider the group ρi(I2) as A × Z2 with the group
law (a, r) · (b, s) = (a + r · b, r + s) for a, b ∈ A and r, s ∈ Z2. Here, we used that the
action of Z2 on A is given by u · a = −a for the generator u ∈ Z2 and a ∈ A. Under
this identification, the commutator of two elements (a, r) and (b, s) of ρi(I2) is given by
[(a, r), (b, s)] = (a, r)(b, s)(a, r)−1(b, s)−1 = (r · b− b,0) ∈ 2A.
If k = 1, this calculation implies ρi(Γk(I2)) = 2kA. Suppose now, by induction, that
ρi(Γk(I2)) = 2kA. Then we have ρi(Γk+1(I2)) = ρi([I2,Γk(I2)]) = [ρi(I2),2kA]. By
the same calculation above, we have [(a, r), (2kb,0)] = (r · 2kb − 2kb,0) ∈ 2k+1A for
a, b ∈ A and r ∈ Z2. This implies that [ρi(I2),2kA] = 2k+1A, which completes the proof
of the corollary. ✷
The rest of this section is devoted to the proof of Theorem 2.1. Note that the conjugation
action of M2 induces an M2-action on the image ρi(M2) via ρi . This extends naturally
to an M2-action on M(5,Z[i]), the Z[i]-algebra of 5 by 5 matrices. We denote it as
ζ∗(M)= ρi(ζ )Mρi(ζ−1) for ζ ∈M2 and M ∈M(5,Z[i]). The identity matrix is denoted
by I ∈M(5,Z[i]).
Let ψ0 be the isotopy class of the Dehn twist along the separating simple closed curve
C0 depicted in Fig. 2. Due to Powell [10], the Torelli group I2 is the normal closure
Fig. 2.
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of ψ0. Therefore, the image ρi(I2) is generated multiplicatively by the M2-orbits S of
T = ρi(ψ0). Now T is explicitly given by
T = ρi(ζ1ζ2ζ1)4 =


−1 0 0 0 0
0 −1 0 0 0
0 0 −1 0 0
−2+ 2i 2 −2+ 2i 1 2




On the other hand, for the generators ζ1, ξ of M2, it holds that ρi(ζ1)4 = ρi(ξ)6 = I .
Hence, S is the minimal subset of GL(5,Z[i]) containing T and invariant under both ζ1∗
and ξ∗.
The following lemma gives a limitation on the range of S.
Lemma 2.3. For 1  µ  5, let Kµ denote the matrix obtained from T + I by the
permutation of the 4th and the µth rows. Then, for µ= 1,2, . . . ,5, we have:
(1) ζ1∗Kµ =K1, K2, −K2 − iK3 −K4, K4, −iK1 − iK5, respectively;
(2) ξ∗Kµ =K3, K4, K1, K5, K2, respectively.
Proof. Direct calculation using (1.1) and (2.2). ✷
This lemma tells us that the Z[i]-subalgebra N ⊂ M(5,Z[i]) generated by I , K1,
K2, . . . ,K5 is invariant under ζ1∗ and ξ∗. On the other hand, we have T =−I +K4 ∈N .
Therefore, we have S ⊂N , and hence ρi(I2)⊂N .
In order to determine ρi(I2) precisely, we determine the structure of N .
Lemma 2.4.
(1) As a Z[i]-module, N is freely generated by I , K1, K2, . . . ,K5. Therefore, every
element of N is uniquely described as x0I +∑5µ=1 xµKµ for some x0, xµ ∈ Z[i].
(2) The product of two arbitrary elements X = x0I + ∑5µ=1 xµKµ, Y = y0I +∑5
µ=1 yµKµ ∈N is given by:
XY = x0y0I + x0
5∑
µ=1




Here, φ is the Z[i]-algebra homomorphism of N into Z[i] defined by φ(Y ) = y0 +∑5
µ=1 yµ TraceKµ where Trace denotes the usual matrix trace.
Proof. After checking KµKν = (TraceKν)Kµ, the proof is straight-forward. ✷
Remark 2.5. The value of φ serves as an obstruction to lying in ρi(I2) as follows: Let
δ :N → Z[i] be a Z[i]-homomorphism. Given ζ ∈M2, we denote by ζ ∗δ the pull-back
defined by ζ ∗δ(X) = δ(ζ∗X) for X ∈N . In this terminology, we have ζ ∗φ = φ for every
ζ ∈M2, by the definition of φ. In particular, φ(T )= 1, and hence φ(S) = 1. Therefore,
we have φ ≡ 1 on ρi(I2).
134 Y. Kasahara / Topology and its Applications 124 (2002) 129–138
We now complete the proof of Theorem 2.1.
(1) Let p0 :N → Z[i] denote the projection to the I -component. By Lemma 2.4(2), p0
preserves multiplication, and therefore p0 is a homomorphism on ρi(I2). We claim that
this is what we need. In fact, by Lemma 2.4, p0(ρi(I2)) = {±1} ⊂ Z[i] since p0 ≡ −1
on the M2-orbit S. Let p :ρi(I2)→ Z2 denote the restriction of p0 to ρi(I2) identifying
{±1}with Z2. Now in view of Lemma 2.3, it is easy to see that p◦ρi(fψf−1)= p◦ρi(ψ)
for every f ∈M2 and ψ ∈ I2.
(2) Next, we determineA⊂ ρi(I2), the kernel of p. Let B denotep−10 (1)∩φ−1(1)⊂N .
Note that, by Lemma 2.4(2), B is a free abelian group under matrix multiplication, and its
rank is 8. By Remark 2.5, we have A⊂ B . We claim A= B .
Lemma 2.6. A⊃ B .
Proof. Direct calculation shows that the images of the following 8 elements of I2 under
ρi span B: [ψ0, ξ ], [ψ0, ζ1ξ ], [ψ0, ξ2], [ψ0, ζ 21 ξ ], [ψ0, ξζ1ξ ], [ψ0, ξζ 21 ξ ], [ψ0, (ζ1ξ)2],
[ψ0, ξ2ζ1ξ ]. Here, [α,β] denotes the commutator αβα−1β−1 for α,β ∈M2. ✷
Now, we have the exact sequence (2.1). By Lemma 2.4(2), we have T 2 = I . Therefore,
a splitting cross section s :Z2 → ρi(I2) is given by s(u)= T , for instance. Hence, ρi(I2)
is isomorphic to the semi direct product A Z2. The associated action can be computed
with the above cross section s. This finishes the proof of Theorem 2.1.
3. A relation with a higher Johnson homomorphism
We first determine the abelianization of ρi(I2), as a consequence of Corollary 2.2.
Corollary 3.1. The abelianization ρi(I2)ab of ρi(I2) is a free Z2-module of rank 9.
Proof. By Corollary 2.2, we have [ρi(I2), ρi(I2)] = 2A. In view of this, it is easy to see
that the exact sequence (2.1) descends to another:
0→A/2A→ ρi(I2)ab → Z2 → 0.
This exact sequence must split, and therefore ρi(I2)ab is isomorphic to A/2A⊕Z2. ✷
Next, we show that the abelianization ρi(I2)ab factors through a certain modification of
the third Johnson homomorphism τ3. Before we state the theorem, we fix some notation
concerning τ3. We follow [7], and concentrate on the case of genus 2.
Let Σ2,1 be the closed surface Σ2 with a fixed open disk removed, and let M2,1 be
its mapping class group. M2,1 consists of the isotopy classes of orientation preserving
diffeomorphisms of Σ2,1 fixing each point of the boundary. Let K2,1 denote the subgroup
of M2,1 generated by all the Dehn twists along separating simple closed curves on
Σ2,1. The third Johnson homomorphism τ3 is a homomorphism of K2,1 defined from the
natural action of K2,1 on the nilpotent quotient π1(Σ2,1)/Γ3(π1(Σ2,1)), and is denoted by
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τ3 :K2,1 → L3 ⊗ H . Here H denotes the homology H1(Σ2,1;Z) = H1(Σ2;Z), and L3
denotes the homogeneous component of degree 3 of the Z-free Lie algebra over H . For the
precise definition of τ3, we refer to [7].
Now we describe the necessary modification of τ3. Note first that the inclusion
Σ2,1 ↪→Σ2 induces the epimorphism ι :M2,1 →M2. It is easy to see that ι(K2,1)= I2.
Although τ3 does not descend to a homomorphism of I2, projecting to the quotient by
τ3(ker ι∩K2,1), one obtains a homomorphism of I2:
τ¯3 :I2 →L3 ⊗H/τ3(ker ι ∩K2,1).
Furthermore, by taking the composition of τ¯3 with the projection τ¯3(I2)→ τ¯3(I2) ⊗ Z2
defined by x ∈ τ¯3(I2) → x ⊗ u (u denotes the generator of Z2 as before), we obtain
τ¯3;2 :I2 → τ¯3(I2)⊗Z2,
the mod 2 reduction of τ¯3.
Let π :I2 → ρi(I2)ab denote the composition of ρi and the natural projection ρi(I2)→
ρi(I2)ab.
Theorem 3.2. The homomorphism π factors through τ¯3;2.
Proof. The M2-action on ρi(I2) induced by the conjugation action of M2 naturally
descends to an action on ρi(I2)ab of Sp(4,Z) via the symplectic representation. To
prove the theorem, it suffices to show that there exists an Sp(4,Z)-homomorphism
π ′ : τ¯3(I2)⊗ Z2 → ρi(I2)ab such that π ′ ◦ τ¯3;2 = π on I2. If such π ′ exists, it is unique
and is characterized by π ′ ◦ τ¯3;2(ψ0)= π(ψ0) since I2 is normally generated by the single
element ψ0.
Note that the explicit description of the Sp(4,Z)-action on ρi(I2)ab ∼=A/2A⊕Z2 can be
obtained from Lemma 2.3 and Proposition 2.4. On the other hand, the explicit computation
of τ3 has been established by Morita [7]. Furthermore, the description of ker ι ∩K2,1 can
be found in [8]. Hence it is a straight-forward task to describe the Sp(4,Z)-structure of
τ¯3(I2). In particular, we can see that τ¯3(I2) is a free Z-module of rank 14, and we can fix
a Z2-basis of τ¯3(I2)⊗Z2 explicitly in terms of linear combinations of the Sp(4,Z)-orbits
of τ¯3;2(ψ0). Our fixed basis defines π ′ as a Z2-homomorphism. The last thing to check is
that this is actually Sp(4,Z)-equivariant, which is a straight-forward task. This completes
the proof of Theorem 3.2. ✷
Remark 3.3. With the help of a computer calculation, we can check more than the
existence of π ′. The Sp(4,Z)-orbits of both τ¯3;2(ψ0) and π(ψ0) consist of the same 160
elements, and are isomorphic as Sp(4,Z)-sets.
4. A relation with the Rochlin invariant
As was observed by Johnson [5], the third Johnson homomorphism τ3 has a certain
relation with the Rochlin invariant of homology 3-spheres. Thus the result in the previous
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section suggests a relation of the Jones representation with the Rochlin invariant. In this
section we discuss this hypothetical relation.
We first recall briefly the description of the Rochlin invariant, denoted by µ, in terms of
mapping class groups of surfaces. As before, let Σg be a closed orientable surface of genus
g  2, and let Mg be its mapping class group. The Torelli group of genus g is denoted by
Ig . Let S3 denote the 3-sphere. Given a Heegaard embedding f :Σg → S3, the Rochlin
invariant gives rise to a homomorphism µf :Ig → Z2 (Birman and Craggs [2]). Roughly,
µf is defined by µf (ψ)= µ(S3ψ) for ψ ∈ Ig where S3ψ is the homology 3-sphere obtained
from S3 by first cutting along f (Σg) and then regluing by ψ . This type of homomorphism,
which depends on the choice of f , is called a Birman–Craggs homomorphism.
Now let BC denote the quotient of Ig by the intersection of the kernels of all the Birman–
Craggs homomorphisms. For any abelian group A, we denote Hom(A,Z2) by A∗. In this
terminology, BC∗ can be naturally identified with the subspace of Hom(Ig,Z2) spanned
by all the Birman–Craggs homomorphisms. The structures of both BC and BC∗ have been
determined explicitly by Johnson [4] in terms of Sp-quadratic forms on H ⊗ Z2 (see [4]
for details).
Let us now assume that g = 2. The result in [4] implies that BC, and hence BC∗, is
isomorphic to (Z2)10 (as abelian groups). On the other hand, we can consider (τ¯3(I2)⊗
Z2)∗ as a subspace of Hom(I2,Z2) via τ¯3;2. Now the relation between τ3 and the Rochlin
invariant mentioned above can be described as:
BC∗ ∩ (τ¯3(I2)⊗Z2
)∗ ∼= (Z2)9,
where the intersection is taken in Hom(I2,Z2).
Under these settings, the relation between ρi(I2)ab and the Rochlin invariant concen-
trates on (ρi(I2)ab)∗ ∩BC∗.
Theorem 4.1. (ρi(I2)ab)∗ ∩ BC∗ ∼= (Z2)5.
Proof. It suffices to determine V = BC∗ ∩ (ρi(I2)ab)∗ as a subspace of (ρi(I2)ab)∗. The
conjugation action of M2 on I2 induces an M2-action on both BC∗ and (ρi(I2)ab)∗ on
the right. As before, let ζi denote the standard generator of M2 (i = 1, . . . ,5). Since the
square of each ζi acts on H1(Σ2;Z2)=H ⊗Z2 trivially, it follows from the results in [4]
that the right action of ζ 2i on BC∗ is trivial. Therefore V is contained in the intersection
W of the stabilizers of ζ 2i in (ρi(I2)ab)∗ (i = 1, . . . , 5). On the other hand, we can derive
an explicit basis of BC∗ from [4]. Now a standard argument in linear algebra using the
M2-actions above shows that W ∼= (Z2)5 and W = V . ✷
Remark 4.2. Keeping one’s mind on Jones’ speculation mentioned in Introduction, it
might be interesting to compare this result with the work of Wright [11] on the projective
representation ofMg associated to the Reshetikhin–Turaev invariant of 3-manifolds at the
4th root of unity. She showed, for every genus g  2, that the restriction of the projective
representation to the Torelli group Ig is equivalent, up to constant, to the universal Birman–
Craggs homomorphism Ig → BC.
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5. Concluding remarks
Theorem 2.1(1) asserts that the homomorphism p ◦ ρi :I2 → Z2 is invariant under the
conjugation action of M2 on I2. Since the Torelli group I2 is normally generated by a
single element, a Z-valued homomorphism of I2 with the same property is at most unique
up to non-zero scalars. On the other hand, the existence of such a homomorphism of I2
follows from Morita’s theory of secondary characteristic classes of surface bundles [7,9].
Furthermore, Morita has established a certain relation between such a homomorphism and
the Casson invariant of homology 3-spheres, an integral lift of the Rochlin invariant [7].
Let us take
d0 :I2 → Z
defined by d0(ψ) = 1 for the Dehn twist along an arbitrary separating essential simple
closed curve on Σ2. Now it is obvious that the above p ◦ ρi coincides with d0 mod 2.
In short, we have seen that the Jones representation ρ, restricted to the Torelli group I2,
involves the information of d0, at least mod 2. We can improve this observation slightly.
Namely, we can detect the mod 10 reduction of d0 in ρ as follows: We only need to check
that the mod 5 reduction of d0 factors through ρ. Let us consider another specialization of
ρ, at t = exp (2π i/5), the fifth root of unity. A direct calculation implies that the normal
generator ψ0 of I2 is mapped to a diagonal matrix of order 5 under this specialization.
Since a diagonal matrix is central, it follows that the specialized representation restricted
to I2 is equivalent to d0 mod 5.
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